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Abstract

The modified Korteweg—de Vries hierarchy with an integral type of source
(mKdVHWS), which consists of the reduced AKNS eigenvalue problem with
r = g and the mKdV hierarchy with an extra term of the integration of a
square eigenfunction, is investigated. We propose a method to find the explicit
evolution equation for the eigenfunction of the auxiliary linear problems of
the mKdVHWS. Then we determine the evolution equations of scattering data
corresponding to the mKdVHWS, and solve the equation in the mKdVHWS
by inverse scattering transformation.

PACS numbers: 02.30.1k, 05.45.Yv

1. Introduction

The nonlinear Schrédinger equation with an integral type of source (NLSEWS) is relevant to
some problems of plasma physics and solid-state physics [1]. The NLSEWS in some case
was studied by so called d-method in [1], and it was stated that this NLSEWS could not
be integrated by the classical inverse scattering method. Later it was shown in [2] that the
NLSEWS can be integrated by the inverse scattering method for the Dirac operator. The key
point of the application of the inverse scattering method to integration of the NLSEWS in [2] is
the use of the determining relations playing the same role as different operator representations
of the Lax type of nonlinear evolution equation integrable by various modifications of this
method. Just using the determining relations Mel’nikov obtained the evolution equations for
all the scattering data of the Dirac operator corresponding to NLSEWS. A similar method was
used to investigate the Korteweg—de Vries equation with an integral type of source (KdVWS)
in [3]. The reason for the use of the determining relations in [2,3] is that the evolution equation
of the eigenfunction for the eigenvalue problem corresponding to the NLSEWS and KAVWS
was not found. In fact, the establishment of these determining relations and the derivation of
the evolution equations for all scattering data in [2, 3] are quite complicated and require some
skill.
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In this letter we investigate the new modified Korteweg—de Vries hierarchy with an integral
type of source (mKdVHWS), which consists of the reduced AKNS eigenvalue problem with
r = q and the mKdV hierarchy with an extra term of the integration of a square eigenfunction.
We first present a method to construct the zero-curvature representation for the mKdVHWS by
finding the explicit evolution equation for the eigenfunction of the auxiliary linear problem for
the mKdVHWS. Then we present a way to determine the evolution equation for the scattering
data corresponding to the mKdVHWS, which implies that the mKdVHWS can be integrated
by the inverse scattering method. Compared with the method using the determining relation
in [2, 3], the method proposed in this letter for determining the evolution equation of the
scattering data is quite natural and simple. This general method can be applied to other (1 + 1)-
dimensional soliton equations with an integral type of source.

2. The mKdV hierarchy with an integral type of source

Consider the reduced AKNS eigenvalue problem for r = g [4]

&1 ) <¢1 ) ( - q )
=U , U= . 2.1
(452 U4 g i @D
The adjoint representation of (2.1) reads [5]

Ve=[U,V]=UV —-VU. 2.2)
Set
X la b .
V= ; <c,» a > A (2.3)
Equation (2.2) yields
a():—l, b():CQ:al:O, blzclzq
a2=%612, b2=—62=—%qx, R

and in general
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Then the compatibility conditions of equations (2.1) and (2.6) give rise to the mKdV
hierarchy [4]
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where
2aZn+2
H n+l =
T ol
Using (2.1), we have
SA
5 = ¢7 — 93, L(¢7 — ¢3) = 27 (97 — 93). (2.8)

As proposed in [2,3,7, 8], the mKdV hierarchy with integral type of source is defined by

Gy = D|:b2n+1 +/ C(t, 0)(PF(x,1,8) — Pp3(x, 1, ;))dc} (2.9a)
O1x = —1lP1 + q¢a, Prx = qd1 +il ¢ € (—00, 00); (2.9b)

we assume g (x, f,+1) tends rather quickly to zero as x — F00. According to this condition
we assume that

o1(x,t,¢) ~ aexp(—ilx), Pa(x,t,8) ~ bexp(itx), X — —00 (2.10)

where C = C(t,¢), a = a(t,¢) and b = b(t,¢) are complex functions of + > 0 and
¢ € (—00,00). Moreover we assume that the functions C, a and b are chosen so that the
right-hand side of equation (2.9) determines the function absolutely integrable over x along
the whole real axis. One can easily verify that the requirement will certainly be satisfied if the
functions E and I" of the form argued in [2]

0
E =|C(t, Olllat, )| + b, 0| r= &[C(t, 0)a*(t, O] +

J 2

at any ¢ > 0 satisfy the condition

/OO[E(I, O+, 0)+T2(1, 0)]de < oo.

[e¢]

3. The Lax representation

Following the method proposed in [6-8], in order to find the zero-curvature representation
for (2.9), we first consider

D|:b2n+1 +/ Ct, 0)(Pi(x,1,8) — 3 (x,1,0)) d;} =0 (3.1a)

o0

b1 = —ilP1 + 2. $rx = g1 +i5¢n { €(-00,00). (3.1b)

We can obtain the Lax representation for (3.1) by using the adjoint representation (2.2).
According to (2.4), (2.8) and (3.1), we may define

a; = da;, b,‘Zb,‘, ci = ¢, i:O,l,...,Zn,

bansams1 = Cansamst = Lbopsom—1 = —/ )™ C(t, Olpi(x, 1, 8) — 3 (x, 1, £)]1d¢
Ponsamss = —Consamsn = —%D52n+2m+1 = —/ GO C(t, OIPT(x, 1, 0) + P35 (x, 1, £)1dC

Gonsams2 = 2D 7 qbopiomir = =2 / GO Ct, g1 (x, 1, O)pa(x, 1, ) dg

Aonsame1 = 0, m=0,1,....
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where 6 is some constant, and

AQn+D) _ Za a2k g 4 / 2(l§)(1ﬂ)c(f(1§77))2<151(2;)2’7)@()6 IR 77)

Then

B(2n+l) — Zbk)\’2n+l—k

k=0
N /°° (g —in)C(t, M3 (x, 1, n) —ig (L +in)C(t, gi(x, 1, n)
— (i)? — (i?
2n
2n+1) __ 2n+l—k
C kX:;Ck)\
. /“ i¢ (g +inC(t, me3(x, 1, m) —iL(is —iMCE WP 1,m)
—0 (i)? — (in?
D+ _ —zznakkz"”_k+9 _/ 2G0) AN C (1, M1 (x, t, N)Pa(x, ¢, 17)
=0 —00 (i5)? — (i?
also satisfies the adjoint representation (2.2), i.e.
N(2n+]) (U, NV, (3.2)

which, in fact, gives rise to the Lax representation of (3.1). Since (3.1) is the stationary equation
of (2.9), it is easy to find that the zero-curvature representation for the mKdVHWS (2.9) is
given by

UIZ,H_] _ N;2n+l) + [U, N(ZVH-I)] — 0, (33)

with the auxiliary linear problems

iy _ (> a\(v1\_(-1& q\("
<1ﬂ2>x_< q A><1/f2>_< q i;><¢2>’ (3.4a)
where A = i¢ and

Vi = (AP +0)yry + B#*Dy,
k=2n

= > (@ + b)) w0y

k=0

< icClt,n) .
* /foo m[%n)q&l(% tmga(x, 1, MY

+ (¢ — i3 (x, 1, My — (¢ +ingi(x, 1, Nyrldny,

V2 = CP* Yy + (—AP*D 1+ 0)yn
k=2n

= Y (¥ — a4 0y

k=0
g Cn) o, . )
+ —5 5 LA +iméy (x, 1, MY — (& —in)ey(x, 1, M)y
Lo (i)? = (in)? ? :
= 2(im¢1(x, 1, M (x, 1, M2l dn.
In this way we find the explicit evolution equations of eigenfunction /. Indeed, this kind of
evolution equation of eigenfunction was not obtained in [2, 3].

(3.4b)
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4. Evolution equation for the reflection coefficients

Now we can derive equations describing the evolution in time ¢ of the S-matrix
elements. This can be performed as follows. We define the eigenfunctions f~(x,¢) =
o). fre ). @ = (@O i@y, ffo = (ff.o.
£, enTand £ (x, ¢) = (ff (x, 0), f5 (x, ¢))T (here and hereafter ‘7’ means transposition)
for equation (3.4a), and the following asymptotics are fulfilled at any ¢ € (—o0, 00):

f(x, )~ (é)e_i”, f(x, )~ ( Ol>ei“, as x — —oo 4.1a)

frex, o~ (?) elt*, frx, )~ (é) e i, as x — +00. (4.1b)

As is known, the functions f~(x, ¢) and f*(x, ¢) admit an analytical continuation in the
parameter ¢ into the upper half-plane Im ¢ > 0, and the functions f~(x, ¢) and f*(x,¢)
admit an analytical continuation in the parameter ¢ into the lower half-plane Im ¢ < 0. It is
easily seen that at any real { € (—o0, 00) the pair of functions f~(x, ¢) and f~(x, ¢) forms
a fundamental system of solutions to (3.4a). Hence, we may define

10 =850 f 70, O+ Su@) f~(x,0) (4.2a)

Fre 0 =Su@)f (0 +Su@)f(x,0) (4.2D)
where the quantities S;; = S11(¢), Si2 = S12(¢), S21 = S$21(¢) and S = Sn(¢) are
independent of x. Taking account of (4.1) and (4.2), we obtain at any ¢ € (—00, 00) the
equality

$11(8)82(8) — $12(£)821(8) = 1. 4.3)
Under the assumption that g (x, t) vanishes rapidly as [x| — oo, we have
ag = —1, bg =cy =0, lim g; = lim b; = lim ¢; =0,
[x|—o00 |x|—o00 |x|—o00
j=12,...,2n.

We denote the parameter 6 in (3.4b) corresponding to f*(x, ¢) by 6 and f*(x,¢) by 6%,
respectively. Substituting f*(x, ¢) and f*(x, ¢) into (3.4b), we have

+ 2n 00
Y. o) (x’oz{zak(ig“f"“kw*—f ( £ 4t )H(n)dn
k=0 -

0tn11 o\ —¢ n+<¢

—ﬂ(ii)H(é“)+7T(i§)H(—é“)}f1+(x,{)

2n 9] oY)
+{Zbk(ic)2"+"‘+y§ LH](n)dTHf S Han)di
=0 —oo -

n—¢ o Nt&
+ (O HI () — n(ic)Hz<—z>}f;<x, 1), (4.4a)
afJ(x,o_{z" o mman- ¢
T ;cko;) D oty — ¢ o HG)

—ﬂ(ié)Hz(é“)+ﬂ(i§)H1(—§)}f1+(x, ¢)

2n 00 . .
+{Z—ak<ic>2"”—k—j£ ( £ X )H(n)dn+9+

—~ i —in i +in

+ (i) H (%) —ﬂ(iﬁ)H(—C)}f{(x,C), (4.4D)
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%={gak(iom‘—k+ ( ) () dn
2 GOH(E) — 2 (0 H(~0) } “(x, )
{ibo;f"“k foo ‘ Hl(n>dn+y§m £ Hyn) di
=% —o N+&
— RGO Hi ) + n(i:)Hz<—z>}f;+<x, ), (4.40)
o =[S o o

+ (15 Hy(¢) — JT(iC)Hl(—é“)}ﬁ(x, ¢)

2n 00 . .
Gyl —k v =
* {Z aie) 7€m<i; EPRT: +in)H(”) AN

k=0

— (i) H () +n<i§)H(—c>}ﬁ+(x, 0), (4.4d)

where the integral § is taken as the principal value, and the quantities 6%, 6* will be determined
in the next section

H(n) = C(t,m¢i(x,t,ma(x, 1, 1),

4.5
Hip) = Ce.mé e n), Han) = C(t g2 (e, 1), )
As x — —oo, we find that the following asymptotics are valid:
i dn ~ GO e e,
f S Hin) dy ~ n(0)Ct, —0)aP (=, e,
—co N+¢
(4.6)

yg 7 i éJ"Iz(ﬁ)dﬂ ~ 2 (i2)C(t, O (L, 1)eHe™,

[0

C . —2i¢x

yg Hy(n) dn ~ = (0)C (1, =5)b* (=g, 1)e 24",
—o N+E

Substituting (4.2) into (4.4) and using (4.6), as x — —oo, we have

052(2) { conel . at %oo< ¢ ¢ )
—_— =1 0" — _— h(n)d
8t2n+1 (lé‘) " —co \1 — ; * n+ { (n) 7

— w(i5)h(Z) +n(i;)h(—§)}522(§)
— {27 (18)h1(§) — 2m (1) ha (=)} S12(8),

6 —_— h(n)d
0t2n+1 O™+ —oo\N1— ¢ ¥ n+¢ o)

+m(i5)h(C) — ﬂ(ii)h(—C)}Slz@),
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050 [ -+_yg°°< ¢ ¢ )
8t2m1 _{ U W iy M

+ 7 (18)h(§) — w(i5)h(=¢) 1 $21(8),

8511(;) _ coN2n+1 St %OO( ; é‘ )
at2n+1 _{(l{) roe -0 '7—§ 71+§ h(n)dn

— w(i8)h(@) + w(AHh(=E) ¢ S11(5)
— {27 ()h2(§) — 27 (i8)h1(=)}S21(8), 4.7)

+

where

h(n) = C(t, ma(n, )b(n, 1) hi(n) = C(t, ma*(n, 1) hy(n) = C(t, mb* (. 1).
One can easily see that if C = 0 or a = b = 0 then the resultant system (4.7) coincides with
those equations which appear in the case of the mKdV hierarchy without a source. Using (4.7),
we find that the reflection coefficients

S11(8) $22(8)
R = , R = — 4.8
16) $21(8) 20 $12(8) @9

satisfy the equation
8R1(§) _ s oN2n+1 %OO< { C ) _ .
FT 2{(1;“) + 0 + — h(n)dn — 7 (i5)h(%)

+ ﬂ(if)h(—C)}Rn(C) — {27 (1Oh2(8) — 2m (i (=)}, (4.9a)
IR(E) S  on _ygoo g ¢ -
T —2{ () w<n_§+n+§>h(n)dn m(iH)h(Z)

+ ﬂ(ié)h(—é)}Rz(C) — {27 (i5)h1 (&) — 27 (1)ha(—0)}. (4.9b)

Then, it follows from (4.9) that the evolution of the reflection coefficients Ry, R, is influenced
by the integral type of source, which is the integration of the square eigenfunctions belonging to
the continuous spectrum of the spectral problem (2.1). For the case » = ¢, there is no discrete
eigenvalue for the spectral problem (2.1) if the potential ¢ = ¢(x, t) tends rather quickly to
zero as |x| — oo. The evolution equations for the reflection coefficients are presented by (4.9),
which implies that the mKdVHWS can be solved by the inverse scattering method.

5. Consistency of system (4.7) and equality (4.3)

Let us now verify that system (4.7) is consistent with equality (4.3). First we calculate the
parameters 6* and 6*. With (4.2) and (4.3) we get

fm, 0 = =S f (x, )+ Su@) f*(x, ) (5.1a)
Fm(x8) =80 f(x, 0) = S @) fT(x, 0). (5.1D)
According to (2.10) and (4.1a) we can assume
A\ _ A
(¢2>_af bf~. 5.2)

Using (5.1), (5.2) can be written down as follow:

<Z;> = (aS11 +bSy) f* — (aSi2 +bS») f*. (5.3)
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According to (5.3) and taking account of (4.5) and (4.1b), as x — +00 the following asymptotic
is fulfilled:

H() ~ 1(0), (5.4

where
1) = —C(t, OIS11(0)S12(8)a* + (S11(£)S22(¢) + S12()S21(£))ab + S$21(£) S22 ()b
= —S11()S12(0)h1(8) — (511(£)S822(2)
+ 812(8) 821 (€))A(C) — $21(8) $22($)ha(£). (5.5
Using (5.4), (4.4b) and (4.1b) we get
9+ — —i(i§)2n+l _ %‘00

—00

(L " L)I(n)dn — RGO @) + 7 GO (—0). (5.6)
¢ n+t

Analoguely, using (5.4), (4.4¢) and (4.1b) we get

é+=mo””+f (—i—+—i)1mnm—naouo+nﬁou—o. (5.7)
—co\N—¢ n+¢
Then, using (5.6) and (5.7), the system (4.7) can be written down as follows:
a5
Z@)=PQMOM“—QKO—ﬂGOMﬂO—ﬂﬁOMﬂOHDG)
=27 (iO)[h1(¢) — ha(=0)1(C) S12(8), (5.8a)
aS
;QL:FQAO—ﬂﬁOMKO+nGOMﬂOBn@% (5.8)
Y
—%#ﬁz=[Qﬂ()—ﬂﬁoﬂh@)+ﬂﬁmﬂb@HSm@% (5.8¢)
as
gfg)==—ZHGCHhAC)—in(—cﬂ&n@)+[ﬁﬁéfn
+ Q1) — w(M () — w(0)Ma(D)1S11(2), (5.8d)
where
© ¢ ¢ ¢“< ¢ ¢ )
— A I d — +—=—\h dn,
01) foo<77_§+n+§> (mdn+ - n—§+n+§ (m)dn
[ ¢ ¢ 7§°°( ¢ ¢ ) (5.9)
= —  + > JI(n)dn— —— + —— |h(n)dn,
0:(0) fm<n_§+n+g>(m 1= (g )rman

M(5) =1(¢) —I1(=0), M>(¢) = h(¢) — h(=0).
By virtue of (5.8), we have

0
5[511@)522(5) — 812(8)821(0)] = 27 (i5) (M1 (£) — M2(£))S12(8) 821 (¢)
=27 (A8)(hi(€) — ha (=) S11(8)S12(8) — 2w (i) (M (¢)
+ M2 (2))S11(8)82(8) — 27 (i8) (ha (&) — h1(—=8))S$21(£)8$22(8). (5.10)

F_or real function r = ¢, it is known [4] that the eigenfunction f~(x, ¢), f “(x,0), f[f(x,0),
fT(x, ¢) defined by (4.1) for (3.4) have symmetry relations

r— — _fzi(xvta _§)> r+ =<f2+(xvtv_é-)> 5.11
[, %) (—fl(x,t, —)) fr(x0) FrGot—0) (5.11a)
which imply that that the S;;, Si2, S21, S22 defined by (4.2) satisfy

$21(8) = —=S12(=0), $0(&) = =S (=9). (5.11b)
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Using (5.11b), (5.9) and (5.5), we find that

M (¢) = =S1(8)S12(§)h1(§) — (811(£)$22(8) + $12(£) S21(£))h ()
— $1(8)$22(5)ha(8) + $22(8)S21(§) 1 (—8) + (S11(8) $22(4)
+ 812(£) 821 (€A (=8) + $12(8) S11($)h2(=0). (5.12)
In accordance with (5.12), the equality D(¢, 1) = S11(£)S22(¢) — S12(¢)S821(¢) satisfies the
equation
aD(¢, 1)
ot

Owing to the condition D(¢,t) = 1 at t+ = 0 there follows the identity D(¢,t) = 1 for all
t > 0. Thus, the consistency of equality (4.3) with system (4.7) is proved.

+2n(i5)M (D)[D(g, 1) — 1] =0.

6. Conclusion

By means of the reduced AKNS eigenvalue problem with r = ¢ which has no discrete
eigenvalue, we construct the mKdVHWS. We propose a method to find the evolution equation
of the eigenfunction corresponding to the mKdVHWS and further to determine the evolution
equation for scattering data, which enables us to solve the mKdVHWS by inverse scattering
transformation. Compared with the method for determining the evolution equation for
scattering data in [2, 3], our approach is quite natural and simple.

It should be noted that the reduced AKNS spectral problem for r = —g may have a discrete
eigenvalue. In this case, the right-hand side of equation (2.9a) needs to be supplemented by
the sum of square eigenfunctions of (2.9b) corresponding to the discrete eigenvalue. We shall
show in the forthcoming paper that the mKdV hierarchy with these two kinds of source can
also be integrated by inverse scattering transformation.
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